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We examine geometry and dynamics of classical spacetime derived from entanglement spectrum.
The spacetime is a kind of canonical parameter space defined by the Fisher information metric. As
a concrete example, we focus on the spectrum for free fermions in spatially one dimension. The
spectrum has exponential family form like thermal probability distribution owing to mixed-state
feature emerging from truncation of environmental degrees of freedom. In this case, the Fisher
metric is given by the second derivative of the Hessian potential that can be identified with the
entanglement entropy. We emphasize that the canonical parameters are nontrivial functions of
partial system size by the truncation, filling fraction of fermions, and time. Then, the precise
determination of this nontrivial mapping is necessary to derive the functional form of the Hessian
potential that leads to correct entanglement entropy scaling. By this potential, we find that the
emergent geometry becomes anti-de Sitter spacetime with imaginary time, and a radial axis as
well as spacetime coordinates appears spontaneously. We also find that the information of the
UV limit of the original free fermions lives in the boundary of the anti-de Sitter spacetime. These
findings strongly suggest that the Hessian potential for free fermions has enough geometrical meaning
associated with gauge-gravity correspondence. Furthermore, some deformation of the spectrum near
the conformal fixed point is mapped onto spacetime dynamics. The fluctuation of the entanglement
entropy embedded into the spacetime behaves like free scaler field, and the dynamics is described
by the Einstein equation with a negative cosmological constant. Therefore, the Einstein equation
can be regarded as the equation of original quantum state.
PACS numbers:
I. INTRODUCTION
Classical geometrical representation of quantum field
theory is recognized to be a milestone to construct quan-
tum gravity theory. A well-known example is the anti-
de Sitter spacetime / conformal field theory (AdS/CFT)
correspondence [1, 2]. Now our interest is to understand
this kind of problem with the help of information theoret-
ical concepts. Two of key concepts are quantum entan-
glement and holography. For instance, the entanglement
entropy in the CFT side can be holographically mapped
onto a geometrical object like a minimal surface in the
classical AdS side [3]. An important viewpoint inher-
ent in this mapping is how to storage quantum data into
classical spacetime that reflects symmetry of the original
quantum system.
Recently, it has gradually been recognized that the in-
formation geometry may be also a powerful tool for exam-
ining the above problem [4]. In this geometry, the Fisher
metric plays a central role on deeply understanding quan-
tum/classical or micro/macro correspondence. This is
because the Fisher metric creates a parameter space de-
fined by a probability distribution (this space becomes
spacetime when the distribution is time-dependent), and
usually the distribution characterizes our starting quan-
tum or microscopic model. In other words, this method
naturally provides us with a correspondence from a mi-
croscopic system to classical geometry. Therefore, we
can easily imagine that the method gives us information-
theoretical interpretation of the AdS/CFT correspon-
dence. Detailed examination of these arguments is the
central purpose of this paper.
In more physical standpoints, geometrical approaches
based on the Fisher information have not only been used
for several optimization theories, but have been already
applied to thermodynamics [5, 6]. The probability dis-
tribution of thermodynamics is the Boltzmann distribu-
tion, which belongs to the so-called exponential family.
In this case, the corresponding geometry becomes quite
simple [7], and we can see some physical meanings hidden
in the geometrical representation. It has actually been
found that the scaler curvature is related to the inverse
of the free energy, when we regard inverse temperature
and chemical potential as two independent coordinates
in the parameter space. Since the free energy changes
drastically near critical points, the curvature can detect
criticality in the microscopic side. This feature reminds
us of some similarity to the AdS/CFT correspondence in
the sense that the classical side can capture criticality of
the quantum side.
Furthermore, a close relationship between multi-
scale entanglement renormalization ansatz (MERA) and
AdS/CFT correspondence has been also examined re-
cently by the Bures or fidelity metric which is also ba-
sically equivalent to the Fisher information [8–10]. It
has been found that the metric of the MERA network is
actually AdS. The author has also examined the finite-
temperature extention of the MERA network [11] with
great help of some notions of quantum entanglement, and
this network structure coinsides with the black hole con-
figuration in the AdS spacetime. These two findings are
also important for understanding quantum/classical cor-
respondence in terms of entanglement entropy and its
holography.
2A direct motivation of this work originates in entan-
glement thermodynamics in which we examine the first
variation of the entanglement entropy [12–19]. This idea
leads to the so-called entropy-energy relation that is a
kind of generalized first law of thermodynamics. It has
been shown that the gravitational interpretation of the
entropy-energy relation actually leads to the linearized
Einstein equation. However, we will later see that the
second derivative of the entanglement entropy, not the
first derivative, is a crucial factor in the information ge-
ometry, and thus the previous results would be improved
to find full Einstein equation [20].
Motivated by these previous works, we perform de-
tailed analysis of geometric structure and dynamics of
spacetime spanned by the Fisher metric with exponential
family form of a probability distribution. In this case, the
Fisher metric can be given by the second derivative of the
Hessian potential that is basically equivalent with the en-
tanglement entropy. Thus, finding a correct form of the
Hessian potential in the exponential family representa-
tion is crucial. As a typical example of CFT, we start
with spatially one-dimensional (1D) free fermions, and
we will see that their entanglement spectrum coinsides
with the exponential family form [21–28]. At the same
time, it is crucial to notice that the canonical parameters
of the exponential family form are nontrivial functions
of original model parameters (partial system size, fill-
ing fraction, and time). After this important finding, we
can derive the correct form of the Hessian potential as
a function of the canonical parameters, and can prove
that the potential can be identified with the entangle-
ment entropy. We then find that the Fisher metric be-
comes hyperbolic (AdS with imaginary time) after fur-
ther general coordinate transformation. We emphasize
crucial importance of finding correct coordinate transfor-
mations among original model parameters in the quan-
tum side, canonical parameters in the exponential family
form, and the final AdS metric. We will mention the pres-
ence of the concept of bulk/boundary correspondence in
the present information geometry. Furthermore, when
we consider some deformation of the spectrum near the
conformal fixed point, the deformation is mapped onto
dynamics of the spacetime, and this can be represented
by the Einstein equation. We can introduce the fictitious
energy-monentum tensor, and the tensor originates in the
Lagrangian in which the free scaler field is equal to the
embedded entropy data. Therefore, we argue that the
Einstein equation in the emergent spacetime is a kind of
equation of state of the original quantum system.
All of the present results strongly suggest that the in-
formation geometry is quite powerful to understand de-
tailed structure of the AdS/CFT correspondence.
The organization of this paper is as follows. In the
next section, we introduce the Fisher metric. In Sec. III,
we discuss about details of exponential family form and
also mention that the entanglement spectrum for 1D free
fermions consides with this form. In Sec. IV, we exam-
ine geometric structure spanned by this metric, and find
information-geometrical meaning of the Einstein equa-
tion in the emergent spacetime. The final section is de-
voted to the summary part.
II. FISHER METRIC
In the theory of information geometry, we start with
a probability distribution λn(θ) that depends on a dis-
crete stochastic variable n and an internal parameter set
θ =
(
θ1, θ2, ..., θD
)
. Later, we will discuss that the distri-
bution is defined from entanglement properties of quan-
tum systems. We are going to construct an information
space spanned by the coordinates θ, into which the data
of λn(θ) are embedded. In convenience, we call this space
as information space. However, in some cases, this can
be a kind of spacetime, since the original data may be dy-
namical and time-dependent. Hereafter, we assume that
we can differentiate λn(θ) by θ as many as possible. A
well-known case is Gaussian in which the average and the
variance are two internal parameters defining this distri-
bution. The probability distribution obeys the following
relation ∑
n
λn(θ) = 1. (1)
For later convenience, we abbreviate the expectation
value of a distribution function On(θ) by the angle
bracket as
〈O〉 =
∑
n
λn(θ)On(θ), (2)
where we omit the index θ in the bracket and use the
bold symbol. By defining the spectrum as
γn(θ) = − lnλn(θ), (3)
the information entroy is then given by
S(θ) = −
∑
n
λn(θ) ln λn(θ) = 〈γ〉 . (4)
This is one of key parameters in this paper.
The Fisher metric is derived from the Kullback-Leibler
divergence DKL. The divergence measures difference be-
tween two similar probability distributions. The diver-
gence is given by
DKL =
∑
n
λn(θ) (γn(θ + dθ)− γn(θ)) . (5)
This divergence is not symmetric for the exchange be-
tween γn(θ) and γn(θ + dθ), but the second-order of its
Tayler expansion has better properties as a measure of
the distance. Actually, we can derive the following result
DKL =
1
2
gµν(θ)dθ
µdθν , (6)
3and gµν(θ) is the so-called Fisher metric defined by
gµν(θ) =
∑
n
λn(θ)
∂γn(θ)
∂θµ
∂γn(θ)
∂θν
= 〈∂µγ∂νγ〉 . (7)
Roughly speaking, the metric is a kind of two-point cor-
relation function of entropy variation in the information
space. The diagonal parts of the metric are all positive,
since gµµ(θ) =
〈
(∂µγ)
2
〉 ≥ 0. Now, we consider whether
the information geometrical approach can capture some
basic features of the AdS/CFT correspondence, and thus
we would like to find the origin of the classical coordi-
nates in the quantum side. The line element squared has
Lorentzian signature as well as a warp factor that charac-
terized conformal invariance. Therefore, the positive sign
property indicates that we need to take imaginary time
when the original quantum system evolves in time and
the time coordinate is mapped onto one of θ. Hereafter,
we consider the D-dimensional information spacetime,
and we have
gµνgµν = D, (8)
where gµν is an inverse matrix of gµν .
The Fisher metric has an another form. Let us start
with Eq. (15), 〈1〉 = 1. Differentiating both sides of this
equation by θν , we obtain
〈∂νγ〉 = 0. (9)
One more differentiation by θµ leads to
gµν = 〈(∂µγ)(∂νγ)〉 = 〈∂µ∂νγ〉 . (10)
Thus we have two different representations of the Fisher
metric. It should be noted that these two before taking
the statistical avarage are not the same
∂µ∂νγ 6= (∂µγ)(∂νγ). (11)
This means that the classical spacetime is emerged from
averaging procedures of quantum-mechanically fluctuat-
ing states.
III. HESSIAN GEOMETRY AND ITS
APPLICATION TO ENTANGLEMENT SPECTRA
A. Exponential Family Form of Probability
Distribution
When we start with general definition of the Fisher
metric in Eq. (10), the corresponding geometry is quite
complicated and it is hard to extract some physical infor-
mation. Thus, it is necessary to specify our target model.
However, the geometry becomes simple for a particular
choice of the distribution function. That is the so-called
exponential family form. As is well known, the resulting
classical spacetime is described by the Hessian geometry,
not the general Riemaniann geometry [7].
The exponential family form is represented by the fol-
lowing probability distribution
λn(θ) = e
−γn = exp {θαFnα − ψ(θ)} , (12)
where θ is called canonical (natural) parameter. In this
definition, F only depends on the index n, and ψ only
depends on θ. The exponential family covers very wide
classes of probability distributions. As already men-
tioned, the Boltzmann distribution is typical one for this
class [5, 6]. The distribution is given by λn(θ) = e
βEn/Z
with inverse temperature β, and for example β normal-
ized by the interaction parameter and βµ with the chemi-
cal potential µ are mapped onto two classical coordinates
in the information space. The function ψ(θ) is given by
ψ(θ) = lnZ, and corresponds to a potential function. In
the next subsection, we will discuss applicability of this
distribution to the physics of quantum entanglement.
B. Entanglement Spectra for Free Fermions
1. Model
An important question is whether the entanglement
spectrum λn(θ) is a member of the exponential family or
not. To characterize the entanglement by the reduced
density matrix, we truncate environmental degrees of
freedom. This procedure provides mixed-state feature,
and we can expect that this would lead to the exponen-
tial family form. In the present stage, we do not have
quite general solution for this problem, but in some spe-
cific cases we can actually find positive answers for this
question. Hereafter, we consider 1D free fermions (or
equivalently XY model owing to the presence of Jordan-
Wigner transformation). Since the 1D fermion model is
typical conformally-invariant one, we may generalize the
following approach in terms of CFT.
Let us more precisely formulate our model. We start
with a quantum state |ψ〉 defined on (1+ 1)-dimensional
flat Minkowski spacetime R1,1. We devide the whole sys-
tem into two spatial regions A and A¯, and denote the
size of subsystem A as L. The Hamiltonian of the whole
system A+ A¯ is defined by
HA+A¯ = −
∑
j
(
c†jcj+1 + c
†
j+1cj
)
, (13)
where c†j and cj are spinless fermion’s creation and an-
nihilation operators at site j, respectively. We suppose
that our quantum state |ψ〉 is in the ground state of this
Hamiltonian, HA+A¯ |ψ〉 = E0 |ψ〉 with the ground-state
energy E0, or a time-dependent state at time t with this
Hamiltonian after some perturbation O to a quantum
state |ψ0〉, i.e. |ψ〉 = eiHA+A¯tO |ψ0〉. According to the de-
omposition of the whole system into two spatial regions,
A and A¯, we represent |ψ〉 by the Schmidt decomposition
as
|ψ〉 =
∑
n
√
λn |A;n〉 ⊗
∣∣A¯;n〉 , (14)
4where {|A;n〉} and {
∣∣A¯;n〉} are the Schmidt bases for
two subsystems A and A¯, respectively. We normalize the
Schmidt coefficients or the singular values {λn} so that
|ψ〉 is normalized as
〈ψ|ψ〉 =
∑
n
λn = 1. (15)
The density matrix of the whole system is defined by
ρA+A¯ = |ψ〉 〈ψ|. The reduced density matrix for sub-
system A is represented by tracing over environmental
degrees of freedom as
ρA = trA¯ |ψ〉 〈ψ| =
∑
n
λn |A;n〉 〈A;n| . (16)
Thus, the square of the Schmidt coefficient is the eigen-
value of the reduced density matrix. Usually, we trans-
form the above equation as
ρA =
∑
n
e−γn |A;n〉 〈A;n| = 1
Z
e−H˜A , (17)
where H˜A = −θαFα is the so-called entanglement Hamil-
tonian or modular Hamiltonian (normalized by the en-
tanglement temperature), H˜A |A;n〉 = −θαFnα |A;n〉,
and ψ(θ) = lnZ. As we have already mentioned, this
formally coinsides with the thermal distribution form.
2. Mapping from Original Model Parameters to Canonical
Parameters
Our proposal is that the entanglement spectrum λn(θ)
for free fermions actually has the exponential family
form. It is clear that the spectrum is a function of sub-
system size L, filling fraction n¯, and time t if the system
evolves in time. However, a question is how to determine
the correspondence between canonical parameters θ and
the original model parameters (L, n¯, t), i.e.
θi = θi(L, n¯, t) , i = 1, 2, 3. (18)
It is important to notice that this is highly nontrivial cor-
respondence, because the entanglement Hamiltonian H˜A
for subsystem A appears as a result of truncation of A¯.
In general, the truncation process induces complicated
nonlocal interactions.
In the free fermion case, we are going to propose that
the canonical parameters should be given by
(
θ1, θ2, θ3
) ∼
((
1
L
)2
,
1
L
f ′′(n¯, 0),
t
t0
)
. (19)
where f = f(n¯, x) is a scaling function with x = (l −
lF )/L and lF is a pseudo-Fermi level which will be ex-
plained in detail. The prime index in f represents deriva-
tive by x. The parameter t0 is a unit of time that will
be determined. The parameter θ1 corresponds to the ra-
dial axis of the hyperbolic space (AdS with Euclidean
signature).
This nontrivial mapping is crucial to examine emer-
gent geometry from entanglement spectrum. The main
purpose in half of this paper is to prove this property.
3. Product Form of Reduced Density Matrix for Free
Fermions and Pseudo-Fermi Level
We explain why Eq. (19) is a reasonable choice. Ac-
cording to Refs. [21–28], the reduced density matrix for
free fermions is factorized as
ρA =
L⊗
l=1
̺l ∝ exp
{
−
L∑
l=1
ϕlnl
}
, (20)
where ̺l denotes the mixed state of mode l, nl = f
†
l fl is
a number operator of a fermion at mode l, and ϕl is its
energy (this fermion is different from that in the original
model). The operator H˜A =
∑L
l=1 ϕlnl is nothing but
the entanglement Hamiltonian. In Refs. [25, 26], H˜ is
called as pseudo-Hamiltonian. The entanglement entropy
is given by a simple sum of binary entropy of each mode
SA =
L∑
l=1
B(νl), (21)
where we take B(x) = −x lnx − (1 − x) ln(1 − x) and
νl = (e
ϕl + 1)
−1
is one of normalized eigenvalues of ̺l.
Precise numerical simulation has been performed to
examine L and filling dependence on the eigenvalues of
ρL [22, 26]. The numerical results with fermion filling n¯
suggest the presence of a scaling function f defined as
ϕl (L, n¯) = Lf (n¯, x) , (22)
where x and lF are defined as
x =
l − lF
L
, (23)
and
lF = n¯L+
1
2
. (24)
The parameter lF is analogous to the Fermi level, and is
called as pseudo-Fermi level. To find the largest eigen-
value of ρA (the minimal energy state), λ1, we can con-
sider a situation in which the pseudo-energy level l is
completely occupied up to the pseudo-Fermi level lF .
The basic properties of the scaling function are

f (n¯, 0) = 0
f ′ (n¯, 0) > 0
f (n¯,−x) = −f (1− n¯, x)
. (25)
5At half-filling n¯ = 1/2, f is an odd function, and this
symmetry is violated away from half-filling. The particle-
hole symmetry is more important here. By using these
relations, we can evaluate the dependence of L and n¯
on the eigenvalue spectra λn for the full reduced density
matrix ρA.
4. On Finding Canonical Parameters
We consider the difference between the first and sec-
ond largest eigenvalues. Their corresponding spectra are
respectively given by

γ1 =
lF∑
l=1
ϕl(L, n¯)
γ2 =
lF−1∑
l=1
ϕl(L, n¯) + ϕlF+1(L, n¯)
, (26)
and the difference ∆ = γ2 − γ1 is evaluated as
∆ = ϕlF+1(L, n¯)− ϕlF (L, n¯) = Lf (n¯, 1/L) . (27)
Accodring to Eq. (12), taking the difference removes con-
tribution from the Hessian potential, and then
∆ = θα (F1α − F2α) . (28)
Note that we can generalize the right hand side by
adding a dummy index α = 0 so that θαFnα = θ
0Fn0 +∑D
α=1 θ
αFnα with θ
0 = 1. In this case, Eq. (27) is ex-
panded as
∆ = f ′(n¯, 0) +
1
2
f ′′(n¯, 0)
1
L
+
1
6
f ′′′(n¯, 0)
(
1
L
)2
+ · · · .(29)
Here the second derivative f ′′(n¯, 0) is zero at half-filling
n¯ = 1/2. This quantity changes its sign at n¯ = 1/2, and
later we will see that this sign change is mapped onto a
property of space coordinate in the classical side. Fur-
thermore, the numerical data suggest only weak n¯ depen-
dence on f ′(n¯, 0) and f ′′′(n¯, 0). Thus, they can approx-
imately be parts of Fnα. Therefore, we identify θ
1 with
L−2(> 0) and θ2 with L−1f ′′(n¯, 0), respectively. This is
the reason why we select Eq. (19). For comparison, we
show the explicit form of γ1 as
γ1 =
lF∑
l=1
Lf (n¯, x)
= L
lF∑
l=1
(
f ′ (n¯, 0)x+
1
2
f ′′ (n¯, 0)x2 + · · ·
)
=
1
2
f ′ (n¯, 0) lF (1− lF )
+
1
12
f ′′ (n¯, 0)
lF
L
(
2l2F + 2lF + 1
)
+
1
24
f ′′′ (n¯, 0)
(
lF
L
)2 (−l2F + 2lF − 1)+ · · · .(30)
We can also consider the time evolution of the reduced
density matrix after some perturbation O by taking
ρA = trA¯
{
eiHA+A¯tO |ψ0〉 〈ψ0|O†e−iHA+A¯t
}
=
∑
m,n
ei(ǫm−ǫn)tOmO
∗
ntrA¯ |m〉 〈n| , (31)
where Om = 〈m|O |ψ0〉 and HA+A¯ |m〉 = ǫm |m〉. This
is the exponential form and we can identify θ3 with t, if
the partial density operator trA¯ |m〉 〈n| is factorized by
the tensor product so that each sector has a fixed energy
difference ǫm − ǫn [31].
It should be noted that the set θ is mapped onto
classical coordinates in the present approach. This is
somehow different from the standard AdS/CFT argu-
ments, although the radial axis naturally appears for
the construction of the classical geometry. In the stan-
dard AdS/CFT, the spacetime coordinates are basically
maintained, and we add the radial axis for holographic
renormalization. In the present case, however, the theory
requires more radical mapping in some sense. This indi-
cates that the AdS/CFT is a quite special case of more
general gauge/gravity correspondence.
It is also meaningful to address the concept of
bulk/boundary correspondence. The readers may think
that this concept is not composed of information geom-
etry. However, if we take large-L limit, then we obtain
θ1 → 0. Later we will see that θ1 is related to the radial
axis. These results mean that we approach the boundary
of the AdS spacetime when the subsystem size becomes
maximum. There is a situation similar to AdS/CFT in
which the UV limit of a quantum system is located at
the boundary of the AdS spacetime.
Finally, we comment that the L dependence on the en-
tanglement spectra in 1D has been examined in terms of
CFT. By using results in Ref. [27], we obtain the follow-
ing logarithmic Gaussian form for large n
λn ∼ exp
{
1
2S
(lnn)2 − 1
2
S
}
. (32)
If we remenber the logarithmic formula of the entangle-
ment entropy, we see that θ1 is a decreasing function of
L. Although the functional form is different from our
proposal θ1 ∼ L−2, this might be owing to some approx-
imations for the derivation of these results.
C. Holographic Entanglement Spectra
The tensor product factorization has been also seen
in the singular value decomposition (SVD) of 2D fractal
images, and it has been shown that the singular value
spectra coinside with the entanglement spectra for 1D
free fermions [29, 30]. In that sense, the SVD spectra for
self-similar images can be viewed as holographic entan-
glement spectra. Here, we holographically interprete the
results in the previous subsection.
6Consider a completely self-similar image. The image is
characterized by a matrix M , and each matrix element
denotes luminance of each pixel. The matrix data M are
constructed by a tensor product of L copies of a h × h
unit cell H owing to the self-similarity [29, 30]
M =
L⊗
m=1
H. (33)
The parameter L is the fractal level, and the L-times ten-
sor product creates hierarchy of L different length scales.
To evaluate the matrix data in terms of information en-
tropy, we apply SVD to M as
M(x, y) =
hL∑
n=1
Un(x)
√
ΛnVn(y), (34)
where
√
Λn is the singular value spectrum, and Un(x) and
Vn(y) are column unitary matrices. After normalization
of Λn as λn, the information entropy, the so-called snap-
shot entropy, is defined by Ssnapshot = −
∑
n λn lnλn.
The correspondence between Eqs. (20) and (33) exists,
when H has two nonzero singular values. The two val-
ues correspond to occupation and absence of a fermion
at each mode in Eq. (20). We take the normalized eigen-
values of H2 as γ+ and γ− (γ+ + γ− = 1). Then, all
possible eigenvalues of M2 are exactly given by
λk = γ
k
+γ
L−k
− = γ
k
+ (1− γ+)L−k , (35)
where the label k runs from 0 to L with degeneracy LCk,
and is essentially equal to the index n in Eqs. (12) and
(34). In Eq. (34), we have 2L nonzero eigenvalues. This
number is represented as 2L = (1 + 1)L =
∑L
k=0 LCk.
For Eq. (35), the snapshot entropy is given by
Ssnapshot = −
L∑
k=0
LCkλk lnλk = B(γ+)L, (36)
which is consistent with SL in Eq. (21) for free fermions
except for the mode dependence (νm → γ+).
According to Eq. (12), the eigenvalue spectrum is rep-
resented as
γk = − ln
(
γk+γ
L−k
−
)
. (37)
We calculate the difference between γL and γL−1, and
then we obtain
γL − γL−1 = ln
(
γ−
γ+
)
= N. (38)
This is a canonical parameter. The ratio γ−/γ+ controls
luminance in the image. We find γ+ = f(N) with the
Fermi distribution function f(x) = (ex + 1)−1. Thus,
this is closely related to n¯ in the quantum case. In the
fractal case, there is only one relavant parameter, and the
system size L does not appear. For a small-L region, the
self-similar structure of a fractal image is smeared out.
Thus, the exact scale invariance appears in the large-L
limit. That would be the reason why we only look at one
relevant parameter.
D. Hessian Geometry: Close Relationship Among
Hessian Potential, Entanglement Entropy, and
Fisher Metric
Let us move to the geometrical analysis of information
space under the condition of exponential family form. In
this subsection, we first summarize various representa-
tions of the Fisher metric. In the exponential family, the
spectrum is given by
γn(θ) = ψ(θ)− θαFnα. (39)
The first and second derivatives of γ are respectively
given by
∂µγ = ∂µψ(θ)− Fnµ, (40)
and
∂µ∂νγ = ∂µ∂νψ(θ). (41)
After the second derivative, ψ(θ) can be identified with
γ. According to Eq. (10), the Fisher metric is represented
by ψ(θ) as
gµν = 〈∂µ∂νγ〉 = ∂µ∂νψ(θ). (42)
Thus we need not to take the statistical average in the
last equation, since ψ(θ) does not depend on the stochas-
tic index n. This is the so-called Hessian structure, and
ψ(θ) is a Hessian potential [7]. This is a real version
of the Ka¨hler potential in the complex manifold theory.
This simplification has been well-known, but we will see
that this is physically quite important in later discus-
sions.
Taking the average of Eq. (40) with the help of Eq. (9),
we find
〈Fµ〉 = ∂µψ(θ) = ηµ(θ). (43)
This corresponds to Legendre transformation in terms of
thermodynamics. By using this equality, we find
gµν = 〈∂µγ∂νγ〉 = 〈FµFν〉 − 〈Fµ〉 〈Fν〉 . (44)
Thus, the metric is a covariance matrix of Fµ.
These results are also derived from normalization con-
dition of the entanglement spectrum in Eq. (12). Let us
start with the following relation:
1 =
∑
n
λn(θ) = e
−ψ
∑
n
eθ
αFnα . (45)
By solving this for ψ(θ), we obtain
ψ(θ) = ln
{∑
n
eθ
αFnα
}
, (46)
and the first and second derivatives are respectively given
by
∂νψ(θ) =
∑
n Fnνe
θαFnα∑
n e
θαFnα
=
∑
n Fnνλn∑
n λn
= 〈Fν〉 , (47)
7and gµν = ∂µ∂νψ = 〈FµFν〉 − 〈Fµ〉 〈Fν〉. The function
inside of logarithm in Eq. (46) is a kind of partition func-
tion. We call this as entanglement partition function,
and thus ψ can be regarded as entanglement free energy
normalized by entanglement temperature.
Next we consider the information entropy. Since we
are going to treat the entanglement spectrum, the en-
tropy given by this spectrum is of course the entangle-
ment entropy. Taking the statistical avarage of Eq. (39),
we find
S(θ) = ψ(θ)− θα 〈Fα〉 . (48)
Combining Eq. (48) with Eq. (43), we can rewrite the
entropy as
S(θ) = ψ(θ)− θα∂αψ(θ). (49)
Since ψ is the entanglement free energy, this represents
a generalized first law of thermodynamics. Here, we do
not go into detailed examination of general properties of
this law, but it would be interesting to compare this with
recent works on entanglement thermodynamics [12–19].
The first derivative of the entropy is represented as
∂νS(θ) = −θα∂α∂νψ(θ) = −θαgαν , (50)
and the second derivative is also represented as
∂µ∂νS(θ) = −gµν(θ) + θαTαµν(θ), (51)
where
Tαµν = −∂α∂µ∂νψ(θ). (52)
By using Eq. (50), we find
(∂µS)(∂νS) = θ
αθβgµαgνβ. (53)
Operating gµν and taking convention for indices µ and
ν, we obtain
gµν(∂µS)(∂νS) = θ
αθβgαβ . (54)
E. Mapping of CFT Data onto AdS Metric
1. Outline of Mapping
Let us look at how CFT data are mapped onto hy-
perbolic (Euclidean AdS) metric. At first, we present a
simple outline to facilitate better understanding of this
mapping. Going back to Eq. (49), we consider a case
that
S(θ1) = −κ ln θ1 = +2κ lnL, (55)
according to the logarithmic formula of the entanglement
entropy for 1D critical systems [31–38]. In this case, the
solution of this differential equation is
ψ(θ1) = S(θ1)− κ+ F1θ1, (56)
with an arbitrary constant F1. Thus, the potential can
be identified with the entropy after the second derivative
g11 = ∂1∂1ψ(θ
1) = ∂1∂1S(θ
1). (57)
The third term F1θ
1 is absorbed into θαFnα. Be careful
about a fact that the sign of the first term in Eq. (51) is
opposite. According to Eq. (42), the metric is given by
g11 =
(
θ1
)−2
, (58)
which is nothing but the warp factor of hyperbolic space.
Although the above approach does not consider the other
components θ2 and θ3, we expect that the approach cap-
tures some essential features of information-gemetrical
representation of the AdS/CFT correspondence.
In the next two subsections, we examine the exact rep-
resentation of the mapping from the Hessian potential
(or entanglement entropy) in a quantum system onto the
Fisher metric. For this purpose, we propose the following
Hessian potential
ψ(θ) = −κ ln f = −κ ln
{
θ1 − 1
2
D∑
i=2
(
θi
)2}
, (59)
with a positive constant κ corresponding to the central
charge in the quantum side. On the other hand, we will
see that −1/4κ corresponds to the sectional curvature in
the classical side. Equation (59) is direct extention of
Eq. (56) except for some irrelevant terms, and the extra
factor
∑D
i=2(θ
i)2 is introduced. We realize the presence
of the bilinear form
ξ(θ2, .., θD) =
1
2
D∑
i=2
(θi)2, (60)
since θ1 = L−2 against θ2 ∝ L−1 in the free fermion case.
In that sense, this derivation is not so highly nontriv-
ial. When we take (L, n¯, t)-representation, we prove that
this potential ψ(θ1(L, n¯, t), θ2(L, n¯, t), ..., θD(L, n¯, t)) is
identical to the entanglement entropy S(L, n¯, t) in free
fermions. On the other hand, when we calculate gµν =
∂µ∂νψ according to Eq. (42), we show that this finally
leads to hyperbolic metric.
2. Quantum Side
Let us first consider the quantum side. According to
Eq. (59), a parameter region we consider should be
θ1 > (1/2)
D∑
i=2
(θi)2. (61)
We would like to confirm that this assumption is reason-
able for our choice of the parameters in Eq. (19). Sub-
stituting Eq. (19) into this inequality, we obtain(
1
L
)2
>
1
2
{(
f ′′(n¯, 0)
L
)2
+
(
t
t0
)2}
.
8This condition is satisfied, when we take t0 ∼ L and
t < t0. We take t0 = L/m. The time scale t0 ∼ L
indicates time of fermion motion from one side to the
other in a finite size system with length L. Soon after,
we will discuss dynamics of the entanglement entropy
after quantum quench, and in this case we actualy find
that the conditions are reasonable.
As we have already mentioned, in the large L-limit,
the potential function in Eq. (59) is equivalent to the
logarithmic entropy formula in CFT. Let us examine a
role of the other components on the scaling formula of
the entanglement entropy. We expand the potential as
ψ(θ) = −κ ln
{
θ1 − 1
2
D∑
i=2
(
θi
)2}
= −κ ln θ1 − κ ln
{
1− 1
2
D∑
i=2
(
θi
)2
θ1
}
≃ −κ ln θ1 + 1
2
κ
D∑
i=2
(
θi
)2
θ1
. (63)
Substituting Eq. (19) into this result, we find
ψ(L, n¯, t) ≃ 2κ lnL+ 1
2
κ
{
(f ′′(n¯, 0))
2
+m2t2
}
. (64)
Since we can identify ψ(L, n¯, t) with S(L, n¯, t), this is ac-
tually consistent with the entanglement entropy scaling
for κ = c/6 with the central charge c [31–38]. In particu-
lar, the quadratic time-dependent feature of the entropy
has been found recently for a time region t ≪ L [31].
Furthermore, the coefficient κ contains information of the
central charge as we have already mentioned. This fea-
ture is also consistent with recent numerical simulation
in which the coefficients of time-dependent terms also
depend on c [31]. The filling dependence is not still well-
known, but a related description appears in Ref. [32].
3. Classical Side
For the full potential function ψ(θ) in Eq. (59), there
exists a parameter set y =
(
y1, y2, ..., yD
)
for which the
metric tensor is exactly the hyperbolic form. For this
proof, we first introduce the Legendre transformation
ηi = ∂iψ and

η1 = −κ
f
ηi =
κθi
f
(i = 2, 3, ..., D)
. (65)
By using this paramter set conjugate to θ, the metric is
represented as
gµν = ∂µ∂νψ = ∂µην = ∂νηµ. (66)
The new parameter set y is defined by{
y1 =
√
f
yi =
√
κθi (i = 2, 3, ..., D)
. (67)
These parameter regions are given by
y1 > 0 , −∞ < yi <∞. (68)
Note that in this coordinate the Hessian potential is rep-
resented as ψ(y) = −2κ lny1. This means that the radial
axis characterizes the magnitude of the entanglmenent
entropy, and thus the entropy is a key factor of charac-
terizing holographic renormalization.
Then, θ and its conjugate η are represented by y as

θ1 = (y1)2 +
1
2κ
D∑
i=2
(yi)2
θi =
1√
κ
yi (i = 2, 3, ..., D)
, (69)
and 

η1 = − κ
(y1)2
ηi =
√
κyi
(y1)2
(i = 2, 3, ..., D)
. (70)
The metric tensor is transformed into
g = (∂νη1) dθ
νdθ1 +
D∑
i=2
(∂νηi) dθ
νdθi
= dη1dθ
1 +
D∑
i=2
dηidθ
i
=
1
(y1)2
{
4κ(dy1)2 +
D∑
i=2
(dyi)2
}
. (71)
We have arrived at the hyperbolic metric with the sec-
tional curvature −1/4κ. Therefore, the entanglement en-
tropy or the Hessian potential of free fermions is mapped
onto the hyperbolic metric exactly. In this sense, the
Fisher geometry can capture basic properties of the
AdS/CFT correspondences. Again note that we should
take Euclidean signature for the time coordinate, and this
situation is quite similar to the entropy calculation of the
black hole. In our case, the time evolution originates in
the original quantum system and then the imaginary fac-
tor naturally appear through the time evolution operator.
This might resolve a long-standing problem for this sign
issue.
We finally comment on a physical unit. We change the
notation as yi = 2
√
κy˜i, and g → 4κg. Then, 4κ can
be regarded as the curvature radius l of the hyperbolic
space. In the AdS/CFT case, the coefficient is actually
related to the curvature radius l of the AdS spacetime
which is mapped onto the central charge c by the Brown-
Henneaux formula c = 3l/2G with the Newton constant
G [39]. Although there is no gravitational constant in
our parameter spacetime, the linear relation of κ to l is a
strong evidence of the presence of the Brown-Henneaux-
type formula.
9F. Properties of rank-three tensor Tλµν
To facilitate later discussion, we would like to intro-
duce an another form of the second derivative of the en-
tropy and compare it with Eq. (51). We will find the basic
properties of Tλµν previously introduced in Eq. (52). It
should be noted that hereafter we should use the canon-
ical parameters θ instead of y. Starting with the defini-
tion of the entropy in Eq. (4), we find
∂νS(θ) = −
∑
n
(∂νλn) lnλn. (72)
The second derivative of this is given by
∂µ∂νS(θ) = −gµν −
∑
n
(∂µ∂νλn) lnλn. (73)
Comparing this with Eq. (51), we find
θαTαµν(θ) =
∑
n
(∂µ∂νλn) γn, (74)
and then
θαTαµν(θ) = 〈γ (∂µγ) (∂νγ)〉 − S(θ)gµν . (75)
This means higher-order metric correction coupled to
fluctuation of information embedded into the parameter
space. We will see later that this relation is useful for
evaluation of the Ricci tensor.
G. Christoffel Symbol
The Chistoffel symbol is defined by
Γλµν =
1
2
gλτ (∂µgντ + ∂νgµτ − ∂τgµν) , (76)
where gλτ is the inverse matrix of the Fisher metric. It
is quite easy to notice
Γλµν =
1
2
gλτ∂τ∂µ∂νψ(θ) = −1
2
gλτTτµν . (77)
To find an another form, we differentiate gµν = 〈∂µγ∂νγ〉
by θλ. Then we obtain
∂λgµν = −〈∂λγ∂µγ∂νγ〉
+ 〈(∂λ∂µγ) ∂νγ〉+ 〈∂µγ (∂λ∂νγ)〉
= −〈∂λγ∂µγ∂νγ〉+ gλµ 〈∂νγ〉+ gλν 〈∂µγ〉
= −〈∂λγ∂µγ∂νγ〉 , (78)
and find
Tλµν = −∂λ∂µ∂νψ(θ) = 〈∂λγ∂µγ∂νγ〉 . (79)
This tensor plays a central role in the Hessian geometry.
H. Ricci and Einstein Tensors
The Ricci tensor is given by
Rµν = R
σ
µσν
= ∂σΓ
σ
µν − ∂νΓσµσ + ΓσρσΓρµν − ΓσρνΓρµσ. (80)
Here, we can use the following identity
∂σg
µν = −gµαgνβ∂σgαβ. (81)
In cases of exponential family, the Ricci tensor is trans-
formed into
Rµν = Γ
σ
ρνΓ
ρ
µσ − ΓσρσΓρµν
=
1
4
gστgρζ (TζµσTρντ − TρστTζµν) . (82)
Thus, the Ricci tensor is basically a bilinear form of the
rank-three tensor Tαµν .
The Einstein tensor is represented as
Gµν = Rµν − 1
2
gµνR, (83)
where the scalar curvature is defined by
R = gαβRαβ . (84)
IV. INFORMATION-GEOMETRICAL
MEANING OF EINSTEIN EQUATION
A. Evaluation of Rank-Three Tensor Tλµν
Based on the results discussed in the previous sec-
tion, we would like to examine dynamics of the infor-
mation spacetime. This examination provides us with
information-geometrical interpretation of the Einstein
equation. Now we are thinking about both of filling de-
pendence and time evolution in the quantum side, and
such dynamical change in the quantum side is mapped
onto re-distribution of entropy data embedded into the
spacetime by the quite non-uniform manner in general.
This situation is quite similar to the presence of the
energy-monentum tensor in the standard general relativ-
ity. This is the reason why we consider the Einstein equa-
tion. We have already taken the Fisher metric as a result
of a curved geometry, and thus we are going to evaluate
the Einstein tensor. Then, we will obtain the energy-
momentum tensor as an origin of the Fisher metric. Of
course the origin should be related to the entanglement
entropy. Therefore, we conjecture that the entropy be-
haves as a scaler field to induce the energy-momentum
tensor. Later we will confirm this conjecture.
Let us consider the Ricci tensor in Eq. (82). To treat
this quantity, we need to obtain a more convenient form
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of the rank-three tensor Tλµν . For this purpose, we dif-
ferentiate Eq. (75) by θλ. Then we find
Tλµν + θ
α∂λTαµν = −〈(∂λγ)γ(∂µγ)(∂νγ)〉+ Tλµν
+ 〈γ(∂λ∂µγ)(∂νγ)〉
+ 〈γ(∂µγ)(∂λ∂νγ)〉
−gµν∂λS(θ)− S(θ)∂λgµν , (85)
and this leads to
θα∂αTλµν = −〈γ(∂λγ)(∂µγ)(∂νγ)〉
+gµλ 〈γ(∂νγ)〉+ gνλ 〈γ(∂µγ)〉
−gµν∂λS(θ) + S(θ)Tλµν . (86)
Here we have the following relation
〈γ(∂µγ)〉 =
∑
n
(lnλn)∂µλn = −∂µS(θ), (87)
and then Eq. (86) is transformed into
θα∂αTλµν = S(θ)Tλµν − 〈γ(∂λγ)(∂µγ)(∂νγ)〉
−gµν∂λS(θ)− gµλ∂νS(θ)− gνλ∂µS(θ).
(88)
Here, we introduce two assumptions. At first, we as-
sume the decompostion as
〈γ(∂λγ)(∂µγ)(∂νγ)〉 ≃ S(θ)Tλµν . (89)
This assumption would be reasonable for quantum criti-
cal systems. The spectrum λn is closely related to corre-
lation function and shows power law decay for the index
n at criticality. This means λn ∝ n−∆ with an exponent
∆, and then the spectrum only behaves as logarithmic
increase for n. Thus the n dependence on the spectrum
is not strong. Next we assume
θα∂αTλµν = −ATλµν , (90)
with a constant factor A. The second assumptoin is cor-
rect if the metric is a power-law-decay function like hy-
perbolic (or AdS) metric. For these assumptions, we ob-
tain
Tλµν =
1
A
{gµν∂λS(θ) + gµλ∂νS(θ) + gνλ∂µS(θ)} .(91)
B. Energy-Momentum Tensor in the Information
Spacetime
As we have already examined, the Fisher metric for
the entanglement spectrum for free fermions is hyper-
bolic (or AdS) type. Thus, this is clearly a solution of
the vacuum Einstein equation with negative cosmologi-
cal constant. This proceduce is quite opposite to those in
the standard general relativity, since in the present case
we just substitute the Fisher metric into the definition
of the Einstein tensor. Here, we are very much inter-
ested in how the entanglement spectrum away from the
conformal fixed point behaves in the classical side. The
deformation of the spectrum from those at the critical
point induces some dynamics in the information space-
time, and we imagine that the source of the dynamics in
the classical side is related to the energy-momentum ten-
sor for a given Lagrangian. We would like to find what
is the field strength in the Lagrangian.
Based on the previous subsection, the Ricci tensor is
evaluated after some algebrae as
Rµν =
(
1
2A
)2
(2−D)(∂µS)(∂νS)
−
(
1
2A
)2
Dgµν(∂αS)(∂
αS), (92)
and the Einstein tensor is represented as
Gµν =
(
1
2A
)2
(2−D)(∂µS)(∂νS)
+
(
1
2A
)2
(D − 2)(D + 1)
2
gµν(∂αS)(∂
αS).
(93)
We find that the minimal dimension is larger than two
to find some nontrivial geometric structure in the infor-
mation spacetime. Be careful again that this equation is
in θ representation.
Here let us look at free fermion case. Of course, this
case exactly satisfies the vacuum Einstein equation in
definition. However now we take some approximations
to derive Eq. (93), and this feature might be violated.
Thus, it seems meaningful to confirm reliability of our
approximation by looking at whether all the terms in the
right hand side in Eq. (93) are reduced to a negative
cosmological constant in the free fermion case.
According to Eq. (59), the second term in right hand
side of Eq. (93) becomes a positive constant:
(∂αS)(∂
αS) ≃ κ, (94)
and contributes to a negative cosmological constant for
D > 2. On the other hand, the first term of Eq. (93) for
µ = ν = 1 is evaluated as follows:
(∂1S)
2 ≃ (∂1ψ)2 = κ
2
(θ1 − ξ)2 = κ∂1∂1ψ. (95)
For i = 2, 3, we also find
(∂iS)
2 ≃ (∂iψ)2 = (κθ
i)2
(θ1 − ξ)2 ∼ κ∂i∂iψ. (96)
This does not show perfect match with κ∂i∂iψ, but this
is not bad at least for θ1− (1/2)ξ < (θi)2. Thus, the first
term of Eq. (93) seems to absorbed into the cosmological
constant. The constant is defined by
Λ = −
(
1
2A
)2
(D − 2)(D − 1)
2
κ < 0. (97)
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Note that this D dependence is familiar in curved ge-
ometry, and thus we think that our approximation gives
reasonable results when we go away from critical point.
Away from critical point, this feature would be de-
formed, but we approximately treat the second term as
the constant. We introduce the difference of the entan-
glement entropy from its critical value S0 as φ = S −S0.
Then, Eq. (93) is reduced to the following form
Gµν + gµνΛ ≃
(
1
2A
)2
(2−D)(∂µφ)(∂νφ). (98)
By the above analysis, we notice that φ behaves as a
free scaler field in this classical spacetime. Thus, let us
define the effective Lagrangian for the scaler field φ as
L =
1
2
(∂αφ)(∂
αφ), (99)
and then the energy-momentum tensor can be repre-
sented as
Tµν = gµλ
∂L
∂(∂λφ)
∂νφ− gµνL, (100)
and then Eq. (98) is equal to the Einstein equation
Gµν + gµνΛ = aTµν , (101)
where
a =
1
2A2
(D − 2). (102)
This is what we would like to obtain here.
There is a comment about approximation to derive
Eq. (91) from Eq. (88). This leads to the presence of the
free scaler field, and more precise treatment might induce
some interaction for the field or more complicated fields.
This would be a future work.
V. SUMMARY
We have examined geometric structure of information
spacetime spanned by the Fisher metric for the exponen-
tial family class of probability distribution. This class
matches with the entanglement spectrum for 1D free
fermion system that is a typical CFT, and we can nat-
urally examine the embedding of quantum critical data
into classical manifold. This situation is quite similar to
the physics of AdS/CFT. We have found that Eqs. (42)
and (49) are crucial to understand a close relationship
among the entanglement entropy, the Hessian potential,
and the classical metric. Actually, this relationship leads
to the correspondence between AdS and CFT. We have
also found that the Fisher metric for free fermions at the
critical point is the vacuum solution of the Einstein equa-
tion and the deformation of the entanglement spectrum
or the entanglement entropy from the critical point pro-
duces the energy-momentum tensor. There, the classical
scaler field is equal to the entanglement entropy embed-
ded into the spacetime, and the field fluctuation from the
uniform hyperbolic background is essential for the emer-
gence of the energy-momentum tensor. Therefore, the
Einstein equation describing the dynamics of the infor-
mation spacetime corresponds to a kind of the equation
of states in the quantum side. This interpretation seems
to be consistent with the entanglement thermodynam-
ics [12–19].
FIG. 1: (Color online) Relation map of various quantities.
We summarize important quantities in the present the-
ory in Fig. 1. The most important finding is the presence
of internal structure of the AdS/CFT correspondence.
To find the correspondence, once we must go to canoni-
cal parameter space, and construct a Hessian potential.
Interestingly, this internal structure is a kind of Fourier
space for a pseudo-fermon system. The functional form
of the Hessian potential is determined so that the Fisher
metric becomes AdS. In this case, we need to perform
general coordinate transformation defined by Eq. (67).
We pull such potential back into the original represen-
tation by (L, n¯, t). Since the Hessian potential can be
identified with the entanglement entropy, we compare
the potential represented by (L, n¯, t) with various scal-
ing formulae of the entanglement entropy. Then, we find
whether there exists a certain correspondence between
AdS and CFT. Our analysis provides a positive answer
to this problem. Although several procedures are some-
how complicated, we can also find a bulk/boundary cor-
respondence in a sense that the original quantum system
lives in the boundary of the AdS spacetime: if we go
to L → ∞ in the original representation of the quan-
tum side, then we approach the boundary y1 → 0 of the
Poincare disk in the classical AdS spacetime. In usual
information geometry, the concept of the bulk/boundary
correspondence is not included, but the present analysis
suggests the presence of such correspondence. We believe
that our approach is essentially equal to the standard no-
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tion of the AdS/CFT correspondence.
Finally, we note that a recent paper on transforma-
tion of non-commutative geometry into classical geom-
etry seems to use a method similar to the Fisher met-
ric [40]. This similarity is also an evidence of power-
fulness of information-geometrical approaches when we
are going to smear out quantum mechanically fluctuat-
ing data to construct a classical spacetime.
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